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Abstract
We investigate the Brans-Dicke (BD) theory with the potential as cosmological model to explain
the present accelerating universe. In this work, we consider the BD field as a perfect fluid with
the energy density and pressure in the Jordan frame. Introducing the power-law potential and
the interaction with the cold dark matter, we obtain the phantom divide which is confirmed by
the native and effective equation of state. Also we can describe the metric f(R) gravity with an
appropriate potential, which shows a future crossing of phantom divide in viable f(R) gravity
models when employing the native and effective equations of state.
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I. INTRODUCTION
Supernova (SUN Ia) observations has shown that our universe is accelerating [1]. Also
cosmic microwave background radiation [2], large scale structure [3], and weak lensing [4]
have indicated that the universe has been undergoing an accelerating phase since the recent
past. Although there exist a number of models explaining an accelerating universe, the two
promising candidates are the dark energy of cosmological constant in the general relativity [5]
and a modified gravitational theory such as f(R) gravity [6–8].
Recently, there was an extensive study of dark energy models based on the Brans-Dicke
(BD) theory interacting with the cold dark matter (CDM) [9]. However, the total equation
of state weff = ptot/ρtot was mainly used to measure the evolution of the universe. In order
to see how the BD field describes the accelerating phase, we have to introduce both the
native and effective equations of state because the BD field is non-minimally coupled to
gravity [10, 11]. Especially, we need the effective equation of state to take into account
the universe evolution properly because there always exists an interaction between the BD
fluid and the CDM [12]. For the interacting holographic dark energy models, there is no
phantom phase when using the effective equation of state [13] instead of the native equation
of state [14]. For the brane interacting holographic dark energy models, the effective equation
of state was used to account the evolution of the universe [15]. The effective equation of
state could read off from the Bianchi identity which provides a non-standard conservation
law.
On the other hand, f(R) gravity models have been extensively employed to explain
the present accelerating universe. The observational data might imply the crossing of the
phantom divide WDE = −1 in the near past [16]. In this case, the crossing of the phantom
divide could be resolved in the viable f(R) gravity models [17–19]. Especially, we would
like to mention that a general approach to phantom divide in f(R) gravity was investigated
in [18], where the scalar-tensor version of f(R) gravity was used to see the phantom divide.
However, it was shown that any singular f(R) gravity may be done non-singular [20]. More
recently, consistent, viable and non-singular f(R) gravity was suggested in [21].
Interestingly, it was shown that the viable four f(R) models generally exhibit the crossing
of the phantom divide in the future evolution [22].
A common feature to all analysis was performed by mapping the Starobinsky model [23]
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to a scalar-tensor theory of gravity. It seems that the metric f(R) gravity is equivalent
to the BD theory with ωBD = 0, while the Palatini f(R) gravity is equivalent to the BD
theory with ωBD = −3/2 [7]. Despite its mathematical equivalence, two theories may have
shown physically non-equivalence [24]: super-accelerating phase in the BD theory describes
decelerating phase in f(R) gravity. Also, it was pointed out that the mapping seems to be
problematic because the scalar potential defined by U(Φ(R)) = RΦ−f(R) with Φ = ∂Rf(R)
induces a singularity in the cosmological evolution [25–27].
Before we proceed, we wish to mention the difference between Einstein and Jordan
frames [9]. We consider the frame in which non-relativistic matter (CDM, baryons) obey
the standard continuity equation with ρm ∼ a−3. This is the Jordan frame as the physical
frame in which physical quantities are compared to observations. It is sometimes useful
to introduce the Einstein frame where a canonical scalar field is coupled to non-relativistic
matter directly [28]. Even though one considers the same physics in both frames, using
different time and length scales may offer the apparent difference between the observables
in two frames.
In this work we investigate how the present accelerating phase is realized in the scalar-
tensor theory (BD cosmology). We consider the BD field as a perfect fluid with the energy
density and pressure in the Jordan frame. Introducing the power-law potential (54) and
the interaction with the CDM, we confirmed the appearance of phantom divide by using
the native and effective equation of state. Especially, inspired by the work of Ref.[22],
we study the cosmological implications of the f(R) gravity using the BD theory with an
appropriate BD potential (86), which indicates a future crossing of phantom divide in viable
f(R) gravity models when employing the native and effective equations of state. This shows
a close connection between BD theory and f(R) gravities for explaining future crossing of
phantom divide. In the BD approach, we find a singularity in the past evolution of the
universe. Hereafter, we consider the metric f(R) gravity only and thus, we mean f(R)
gravity by the “metric f(R)” gravity.
3
II. BD COSMOLOGY WITHOUT A POTENTIAL
For cosmological purpose, we introduce the Brans-Dicke (BD) action with a matter in
the Jordan frame
S =
∫
d4x
√−g
[ 1
16piG
(
ΦR− ωBD∇αΦ∇
αΦ
Φ
)
+ Lm
]
, (1)
where Φ is the BD scalar, ωBD is the parameter of BD theory, and Lm represents other
matter which takes a perfect fluid form. The field equations for metric gµν and BD scalar Φ
are
Gµν ≡ Rµν − 1
2
gµνR = 8piGT
BD
µν +
8piG
Φ
Tmµν , (2)
∇2Φ = 8piG
2ωBD + 3
Tmα α, (3)
where the energy-momentum tensor for the BD scalar is defined by
TBDµν =
1
8piG
[ωBD
Φ2
(
∇µΦ∇νΦ− 1
2
gµν(∇Φ)2
)
+
1
Φ
(
∇µ∇νΦ− gµν∇2Φ
)]
(4)
and the energy-momentum tensor for a perfect fluid takes the form
Tmµν = pmgµν + (ρm + pm)uµuν. (5)
ρm (pm) denote the energy density (pressure) of the matter and uµ is a four velocity vector
with uαu
α = 1.
Considering that our universe is homogeneous and isotropic, we work with the flat
Friedmann-Robertson-Walker (FRW) spacetime
ds2 = −dt2 + a2(t)
[
dr2 + r2(dθ2 + sin2 θdφ2)
]
. (6)
In this spacetime, the first Friedmann and BD scalar equations take the forms
H2 +H
(Φ˙
Φ
)
− ωBD
6
(Φ˙
Φ
)2
=
8piG
3
ρm
Φ
, (7)
Φ¨ + 3HΦ˙ =
8piG(ρm − 3pm)
2ωBD + 3
, (8)
where H = a˙/a is the Hubble parameter and the overdot denotes the derivative with respect
to time t. Here we note that the case of ωBD = −3/2 is not allowed unless a radiation-matter
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FIG. 1: The equations of state W±BD for BD scalar versus its parameter ωBD. W
+
BD is a monoton-
ically decreasing function of ωBD, while W
−
BD is a monotonically increasing function of ωBD. The
bound of W−BD is given by −1/3 ≤W−BD ≤ 1 because of ωBD ≥ −3/2 and W−BD → 1 as ωBD →∞.
At ωBD = 0, one finds that W
−
BD = −13 , but W+BD blows up.
with pm = ρm/3 comes into the BD theory. Regarding the BD field as a perfect fluid, its
energy and pressure are defined by kinetic terms as [10, 11]
ρBD =
1
16piG
[
ωBD
(Φ˙
Φ
)2
− 6H Φ˙
Φ
]
, (9)
pBD =
1
16piG
[
ωBD
(Φ˙
Φ
)2
+ 4H
Φ˙
Φ
+ 2
Φ¨
Φ
]
. (10)
If one does not specify the parameter ωBD, one cannot determine the BD equation of state
exactly. However, the Bianchi identity of ∇µGµν = 0 implies that there exists an energy
transfer between BD fluid and matter
ρ˙BD + 3H(ρBD + pBD) =
1
G
ρm
Φ
Φ˙
Φ
. (11)
This continuity equation play a crucial role because it shows manifestly the energy transfer
between ρBD and ρm and, thus, it defines the effective equation of state.
On the other hand, we consider action with a minimally coupled scalar ψ [28]
S˜ =
∫
d4x˜
√
−g˜
[ 1
16piG
R˜− 1
2
∇˜αψ∇˜αψ + Lm
]
(12)
in the Einstein frame. The field equations for metric g˜µν and a scalar ψ are
Gµν = 8piGT
ψ
µν + 8piGT
m
µν , (13)
∇˜2ψ = 0. (14)
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Its energy density and pressure for ψ are the same given by
ρψ =
ψ˙2
2
= pψ, (15)
which describe a stiff matter with Wψ = 1. Here we obtain canonical forms for ρψ and
pψ, in comparison with non-canonical forms of ρBD (9) and pBD (10) in the BD-frame. A
continuity equation of ρ˙ψ+3H(ρψ+pψ) = 0 [unlike (11)] leads to the ψ-scalar equation (14)
exactly as
ψ¨ + 3Hψ˙ = 0. (16)
Importantly, the Bianchi identity leads to the two conservation laws separately
∇µT ψµν = 0→ ψ¨ + 3Hψ˙ = 0, ∇µTmµν = 0. (17)
Hence, we need the EOS
Wψ =
ρψ
pψ
, (18)
whereas we do not need to introduce the effective EOS W effψ like (44) arisen from (11).
In the absence of matter, the BD scalar plays a role of kinetic matter. This kinetic matter
evolves as the conservation law is satisfied by itself
ρ˙BD + 3H(ρBD + pBD) = 0 (19)
whose equation of state (EOS) is defined by
WBD ≡ pBD
ρBD
. (20)
The solution to the first Friedmann and BD scalar equations is given by
a(t) = t
3(ωBD+1)±
√
3(2ωBD+3)
3(3ωBD+4) , Φ(t) = t
1∓
√
3(2ωBD+3)
3ωBD+4 . (21)
Plugging the above into (20), one finds its EOS as
W±BD =
3(ωBD + 2)± 2
√
3(2ωBD + 3)
3ωBD
with ωBD ≥ −3
2
. (22)
In the limit of ωBD → 0, W+BD → 4/0, while W−BD → 13 . Their behavior is shown in Fig.
1. Here we choose WBD = W
−
BD as the EOS for the BD kinetic-matter. The EOS bound is
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given by −1/3 ≤ WBD ≤ 1. If one requires the condition (11) together with ρm = 0, the
only allowable solution is the case saturating the lower bound
ωBD = −3
2
→W−BD = −
1
3
(23)
which corresponds the solution to the conformal relativity: a(t) ∼ t, Φ ∼ 1/t2, ρBD ∼
1/a2, pBD = −ρBD/3. This case gives a zero acceleration of a¨ = 0. Consequently, the perfect
fluid interpretation of the BD scalar is valid only for ωBD = −3/2 [10].
When the CDM is present, we have to solve the different equations. In the FRW space-
time, equations take the forms
H2 =
8piG
3
(
ρBD +
ρm
Φ
)
, (24)
H˙ = −4piG
(
ρBD + pBD +
ρm
Φ
+
pm
Φ
)
, (25)
Φ¨ + 3HΦ˙ =
8piG
2ωBD + 3
(ρm − 3pm) , (26)
where ρm is the CDM density given by
ρm =
ρ0m
a3
(27)
with the present dark matter density ρ0m. It is convenient to use new variables as
x = ln a, ϕ =
Φ′
Φ
, λ = −H
′
H
(28)
where ′ denote the derivatie with respect to x. Also we define the density parameters
ΩBD ≡ 8piG
3H2
ρBD, Ωm ≡ 8piG
3H2
ρm
Φ
. (29)
Using the relations
Φ˙
Φ
=
dx
dt
dΦ
dx
1
Φ
= Hϕ, (30)
Φ¨
Φ
= H2
(
ϕ′ + ϕ2 − λϕ) , (31)
energy density and pressure are given, respectively, by
ρBD =
H2
16piG
[
ωBDϕ
2 − 6ϕ] , (32)
pBD =
H2
16piG
[
ωBDϕ
2 + 4ϕ− 2λϕ+ 2 (ϕ′ + ϕ2)] . (33)
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The Bianchi identity (11) takes into account the energy transfer between BD field and CDM,
while the CDM evolves according to its own conservation law
ρ˙m + 3H (ρm + pm) = 0. (34)
Eqs.(24), (25) and (26) can be written as
1 = ΩBD + Ωm, (35)
λ =
3
2
+
4piG
H2
pBD, (36)
ϕ′ − λϕ+ 3ϕ+ ϕ2 = 3
2ωBD + 3
(1− ΩBD), (37)
where we used the pressureless condition of pm = 0 for the CDM. Solving Eq.(37) for ϕ
′ and
inserting it into pBD leads to
pBD =
H2
16piG
[
ωBDϕ
2 − 2ϕ+ 6
2ωBD + 3
(1− ΩBD)
]
. (38)
Substituting this into Eq. (36), we find
λ =
3
2
+
1
4
[
ωBDϕ
2 − 2ϕ+ 6
2ωBD + 3
(1− ΩBD)
]
. (39)
A further relation is found to be
ΩBD =
1
6
(ωBDϕ
2 − 6ϕ). (40)
Eq. (37) can be rewritten as
ϕ′ = −ϕ2 − 3ϕ+ 3(1− ΩBD)
2ωBD + 3
+ λϕ. (41)
Let us plug λ and ΩBD into Eqs. (41) and solve it numerically with the initial condition.
On the other hand, we obtain the native EOS for the BD fluid
WBD =
pBD
ρBD
=
ωBDϕ
2 − 2ϕ+ 6
2ωBD+3
(1− ΩBD)
ωBDϕ2 − 6ϕ . (42)
Considering Eq. (11) as
ρ˙BD + 3H
(
1 +W effBD
)
ρBD = 0, (43)
we obtain the effective EOS
W effBD = WBD −
ρm
3ρBDΦ
ϕ
=
ϕ
3
+
ωBDϕ
2 − 4ϕ+ 6
2ωBD+3
(1− ΩBD)
ωBDϕ2 − 6ϕ . (44)
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class ϕ ΩBD W
eff
BD WBD
(a) 1ωBD+1 −
5ωBD+6
6(ωBD+1)2
1
3(ωBD+1)
−2(ωBD+1)5ωBD+6
(b)
3+
√
3(2ωBD+3)
ωBD
1 W+BD W
+
BD
(c)
3−
√
3(2ωBD+3)
ωBD
1 W−BD W
−
BD
TABLE I: List of critical points without BD potential.
The initial value for ϕ is determined by
ϕ(0) =
3±√3(2Ω0BDωBD + 3)
ωBD
(45)
with ΩBD(0) = Ω
0
BD. Here +(−) sign correspond to increasing (decreasing) ΩBD at x = 0.
For − signature, its evolution induces a singularity. This behavior could be expected from
the critical points obtained by solving the equation of ϕ′ = 0. The result is summarized in
the Table I. These critical points indicate asymptotic behaviors in the far future and far
past. In order to test whether each critical point is or not stable, we need to observe the
signature of dϕ′/dϕ. If the signature is negative (positiven), it may be stable for the far
future evolution (far past evolution). The viable parameter range for class (a) is found by
requiring the condition of 0 ≤ ΩBD ≤ 1 as
ωBD < −3
2
, − 4
3
≤ ωBD ≤ −6
5
. (46)
However, if we demand the positive-definite energy density for the BD fluid ρBD > 0 and
the negative-definite pressure pBD < 0 [10], the relevant range is determined solely by
ωBD < −3
2
. (47)
In this case, the native and effective equations of state take the bounds
WBD, W
eff
BD > −
2
3
(48)
which means that the BD fluid without potential does not explain the future phantom divide.
For classes (b) and (c), these are nothing new because we have the condition
ωBD ≥ −3
2
→ WBD =W effBD ≥ −
1
3
(49)
which corresponds to the absence of the CDM as is shown in Eq.(22).
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Therefore, we note that the role of BD scalar without potential (equivalently, k-essence
with non-canonical kinetic term only) as a source generating the accelerating universe is very
restricted because it can at most describe “WBD(W
eff
BD) = −2/3 acceleration” in the presence
of the CDM. In the presence of matters [10], the BD scalar Φ appears to interpolate smoothly
between the matter-dominated and accelerating eras by speeding up the expansion rate of
the matter-dominated era like (a(t) ∼ t2/3 → tα(α = 2(ωBD + 1)/(3ωBD + 4) > 2/3)), while
slowing down that of accelerating phase derived by cosmological constant to some degree
like (a(t) ∼ eχ¯t → (1 + χt)(2ωBD+1)/2). Hence, we have to include an appropriate potential
to obtain the phantom divide of WBD(W
eff
BD) = −1.
III. BD COSMOLOGY WITH A POTENTIAL
The action for generalized BD theory is given by[11]
S =
∫
d4x
√−g
[
1
16piG
(
ΦR − ωBD∇αΦ∇
αΦ
Φ
− 16piGU(Φ)
)]
+ Sm, (50)
where Sm =
∫
d4x
√−gLm is the action for the other matter of the perfect fluid type and
U(Φ) is a potential for the BD scalar Φ. The equation of motions can be obtained as
Gµν = Rµν − 1
2
gµνR =
ωBD
Φ2
{
∇µΦ∇νΦ− 1
2
gµν (∇Φ)2
}
+
1
Φ
{∇µ∇νΦ− gµν∇2Φ− gµν8piGU(Φ)} + 8piG
Φ
Tmµν
≡ 8piGTBDµν +
8piG
Φ
Tmµν , (51)
where TBDµν is given by
TBDµν =
1
8piG
[
ωBD
Φ2
{
∇µΦ∇νΦ− 1
2
gµν (∇Φ)2
}
+
1
Φ
{∇µ∇νΦ− gµν∇2Φ− gµν8piGU(Φ)}
]
(52)
and Tmµν is the energy-momentum tensor (5). Equation for Φ is changed to be
∇2Φ+ 16piG
2ωBD + 3
(
2U(Φ)− ΦdU
dΦ
)
=
8piG
2ωBD + 3
Tmα α. (53)
In the context of dark energy, it is possible to construct a single scalar model (scalar-tensor
theory) based on the BD theory with constant η = −d lnU(φ)/dφ. This depends on the
choice of the potential U(Φ).
10
Setting Φ = F (ϕ) = e−2Qφ, the exponential potential U0e−ηφ takes the power-law form
U(Φ) = U0Φ
α (54)
with the constant α = η/2Q. In the FRW spacetime (6), three equations take the forms
H2 =
8piG
3
(
ρBD +
ρm
Φ
)
, (55)
H˙ = −4piG
(
ρBD − ρm
Φ
− pBD − pm
Φ
)
, (56)
Φ¨ + 3HΦ˙− 16piG
2ωBD + 3
(
2U(Φ)− ΦdU
dΦ
)
=
8piG
2ωBD + 3
(ρm − 3pm). (57)
These equations are consistent with Ref.[29] but are slightly different from Ref.[30]. Regard-
ing the BD field as a perfect fluid, its energy and pressure are changed as [10, 13]
ρBD =
1
16piG

ωBD
(
Φ˙
Φ
)2
− 6H Φ˙
Φ
+ 16piG
U(Φ)
Φ

 , (58)
pBD =
1
16piG

ωBD
(
Φ˙
Φ
)2
+ 4H
Φ˙
Φ
+ 2
Φ¨
Φ
− 16piGU(Φ)
Φ

 . (59)
The Bianchi identity leads to the same relation as in Eq.(11).
In order to solve Eqs. (55), (56) and (57), it is convenient to introduce new variables as
ψ =
8piGU(Φ)
H2Φ
, (60)
Using (30) and (31), energy density and pressure are expressed in terms of ϕ and ψ, respec-
tively, by
ρBD =
H2
16piG
[
ωBDϕ
2 − 6ϕ+ 2ψ] , (61)
pBD =
H2
16piG
[
ωBDϕ
2 + 4ϕ− 2λϕ+ 2 (ϕ′ + ϕ2)− 2ψ] . (62)
Then, Eqs. (55), (56) and (57) can be written as
ΩBD + Ωm = 1, (63)
λ =
3
2
+
4piG
H2
pBD, (64)
ϕ′ − λϕ+ 3ϕ+ ϕ2 − 2
2ωBD + 3
(2− α)ψ = 3
2ωBD + 3
(1− ΩBD). (65)
Solving Eq. (65) for ϕ′, and inserting it into pBD, we obtain the pressure
pBD =
H2
16piG
[
ωBDϕ
2 − 2ϕ+ 4(2− α)
2ωBD + 3
ψ +
6
2ωBD + 3
(1− ΩBD)− 2ψ
]
. (66)
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Substituting this into Eq. (64), we arrive at
λ =
3
2
+
1
4
[
ωBDϕ
2 − 2ϕ+ 4(2− α)
2ωBD + 3
ψ +
6
2ωBD + 3
(1− ΩBD)− 2ψ
]
. (67)
Importantly, we note that ΩBD can be written as
ΩBD =
1
6
(ωBDϕ
2 − 6ϕ+ 2ψ). (68)
Plugging this into Eq. (65) leads to
ϕ′ = −ϕ2 − 3ϕ+ 2(2− α)
2ωBD + 3
ψ +
3(1− ΩBD)
2ωBD + 3
+ λϕ. (69)
On the other hand, from the definition of ψ, we obtain a newly differential equation
ψ′ = (αϕ− ϕ+ 2λ)ψ. (70)
Now we have to solve two coupled equations (69) and (70) for ϕ and ψ numerically with
initial conditions.
Considering (61) and (66), we obtain the native EOS for BD field with potential
WBD =
pBD
ρBD
=
ωBDϕ
2 − 2ϕ+ 4(2−α)
2ωBD+3
ψ + 6
2ωBD+3
(1− ΩBD)− 2ψ
ωBDϕ2 − 6ϕ+ 2ψ . (71)
This might not be suitable for representing the true equation of state for the BD scalar
because of the non-conservation of this fluid (11). We remind the reader that (11) could be
rewritten as
ρ˙BD + 3H
(
1 +W effBD
)
ρBD = 0, (72)
which implies an effective EOS
W effBD = WBD −
ρm
3ρBDΦ
ϕ
=
ϕ
3
+
ωBDϕ
2 − 4ϕ+ 4(2−α)
2ωBD+3
ψ + 6
2ωBD+3
(1− ΩBD)− 2ψ
ωBDϕ2 − 6ϕ+ 2ψ . (73)
A typical solution is given in Fig. 2 for ωBD = 0, showing that ΩBD + Ωm = 1. We observe
that there exists a phantom divide (WBD = −1, W effBD = −1) as confirmed by effective EOS
W effBD.
In deriving this numerical solution, it was necessary to impose the initial condition at
a0 = 1(x = 0) as an input of the current observation data. It is impossible to construct
12
FIG. 2: Time evolution of the BD cosmology with potential U = U0Φ
α with ωBD = 0:
WBD(magenta), W
eff
BD(cyan), Ωm(blue), ΩBD(green). The initial condition at x = 0 is imposed
by α = 1.449, ψ(0) = 2.253, ϕ(0) = 2.2533 − 0.75 = 0.001 (corresponding to Ω0BD = 0.75), and
Φ(0) = 1.0.
nearly past, present, and future acceleration phases without fixing the initial condition with
the current observation data. Usually, we need one initial condition to solve the first order
differential equation. Most of cases are needed to specify t = 0 as the initial condition.
However, since we do not know the origin of the dark energy clearly, we could not use t = 0
as the initial condition to solve (69) and (70) for the accelerating phase.
Since the effective gravitational constant Geff = G/Φ varies with time, it should satisfy
the observed limits defined as
G˙eff
Geff
= −Φ˙
Φ
= −Hϕ ≤ 10−13yr−1. (74)
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It means that
H0ϕ(0) ≤ 10−13yr−1, (75)
and, finally
ϕ(0) ≤ 0.0013. (76)
Here we used the present Hubble parameter of H0 = 77km/s/Mpc = 2.5 × 10−18s−1 =
7.88× 10−11yr−1.
Considering the density parameter of BD field as
ΩBD ≡ ρBD
ρc
=
ωBDϕ
2 − 6ϕ+ 2ψ
6
, ρc ≡ 8piG
3H2
, (77)
ΩBD is regarded as dark energy density parameter and its current value will be determined
by observation as Ω0BD. Hence two initial values of ϕ and ψ are not independent, but they
are related as
ωBDϕ
2 − 6ϕ(0) + 2ψ(0)− 6Ω0BD = 0, (78)
which gives us
ϕ(0) =
3±
√
9− 2ωBD(ψ(0)− Ω0BD)
ωBD
. (79)
For ωBD → 0, we can choose − sign so that
ϕ(0) =
ψ(0)
3
− Ω0BD. (80)
In order to find the asymptotic values for variable, we need to determine the critical points
from Eqs.(69) and (70). We list the critical points and corresponding physical variables in
Table II and Table III for ωBD = 0.
Now we wish to analyze which critical point is stable with time evolution. To determine
the stability, we consider the perturbation around the critical points. If the coefficients
of the perturbation is negative (positive), then it may be stable for future evolution (past
evolution). Actually, classes (a), (b) and (c) are nothing new because these are exactly the
same classes in the absence of the potential (see Table I). The class (d) is less interesting
because both its native and effective equations of state do not provide the phantom divide.
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class ϕ ψ ΩBD W
eff
BD WBD
(a) 1ωBD+1 0 −
5ωBD+6
6(ωBD+1)2
1
3(ωBD+1)
−2(ωBD+1)5ωBD+6
(b) 3+
√
6ωBD+9
ωBD
0 1 W+BD W
+
BD
(c) 3−
√
6ωBD+9
ωBD
0 1 W−BD W
−
BD
(d) − 3α 3(α+3ωBD+3)2α2 7α+6ωBD+32α2 − 1α − 2α7α+6ωBD+3
(e) − 2(α−2)α+2ωBD+1
(2ωBD+3){6ωBD−(α−5)(α+1)}
(α+2ωBD+1)2
1 2α
2−9α−6ωBD+1
3(α+2ωBD+1)
2α2−9α−6ωBD+1
3(α+2ωBD+1)
TABLE II: List of critical points with the power-law potential (54).
class ϕ ψ ΩBD W
eff
BD WBD
(a) 1 0 −1 13 −13
(b) N/A
(c) −1 0 1 13 13
(d) − 3α 3(α+3)2α2 7α+32α2 − 1α − 2α7α+3
(e) −2(α−2)α+1 −3(α−5)(α+1) 1 2α
2−9α+1
3(α+1)
2α2−9α+1
3(α+1)
TABLE III: List of critical points in the presence of BD potential (54) with ωBD = 0.
The graph of equation of state WBD as a function of α is shown in Fig. 3 with ωBD = 0.
The graph of effective equation of state W effBD as a function of α is given in Fig. 4 with
ωBD = 0. The class (b) is not available for ωBD = 0, as was mentioned by the BD kinetic-
matter using W+BD.
The class (e) is a newly interesting case. Let us study the class (e) more. The solution
to the phantom divide of W effBD(α) = −1 is given by
α1 = 1, α2 = 2, (81)
while the solution to the dust matter of W effBD(α) = 0 takes the forms
α3 =
9−√73
4
≃ 0.114, α4 = 9 +
√
73
4
≃ 4.386. (82)
The solutions to the radiation of W effBD(α) =
1
3
is given by
α5 = 0, α6 = 5. (83)
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FIG. 3: The graphs of WBD as a function of α for the case of ωBD = 0. Class (a): red; (b): N/A;
(c): green; (d): dark yellow ; (e): blue.
The minimum value of W effBD(α)
W effBD(α)|min = 4
√
2
3
− 13
3
≃ −1.067, (84)
appears at
αmin = −1 +
√
6 ≃ 1.449. (85)
Finally, we mention the α-dependent evolutions of two equations of state WBD and W
eff
BD.
As is shown in Fig. 5, for α ≤ 1, there is no phantom divide, while for α > 1, there is
phantom divide. For α > αmin, there are two crossings of W
eff
BD = −1. For 1 < α < αmin,
there is one crossing of W effBD = −1 and W effBD approaches de Sitter value of −1 for α = 1, 2.
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FIG. 4: The graphs of W effBD as a function of α for the case of ωBD = 0. Class (a): red (it is
overlapped with green); (b): N/A; (c): green; (d): dark yellow ; (e): blue.
IV. BD COSMOLOGY AS f(R) GRAVITY
The crossing of the phantom divide could be understood in the viable f(R) gravity
models [19]. Recently, it was shown that the viable four f(R) models generally exhibit
the crossing of the phantom divide in the future evolution when using the EOS wDE =
pfDE/ρ
f
DE [22]. Hence, it is very important to see whether the future crossing of phantom
divide is available for the BD cosmology with the corresponding potential. Hence, we analyze
the BD cosmology with the potential
U(Φ) = U0 {1− C(1− Φ)p} , (86)
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FIG. 5: Time evolution ofWBD(dotted curve) andW
eff
BD(solid curve) for α = 0.500 (blue), α = 1.000
(green), α = 1.449 (red as in Fig. 2), α = 2.000 (magenta), α = 2.200 (cyan).
which could be obtained by considering the equivalence between the f(R) gravity and the
scalar-tensor theory (BD theory with potential and ωBD = 0) [31]. Actually, this potential
is an approximation to Hu-Sawicki and Starobinsky f(R) models. Here two parameters C
and p are chosen
0 < C < 1, 0 < p < 1. (87)
Previous analysis could be applied to here when defining α to be
dU(Φ)
dΦ
≡ αU(Φ)
Φ
, (88)
where α is determined by
α(Φ) = Cp
Φ(1− Φ)p−1
1− C(1− Φ)p . (89)
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class ϕ ψ Φ ΩBD W
eff
BD WBD
(a) 0 3 1− eZ 1 13 − 23 CpΦ(1−Φ)
p−1
1−C(1−Φ)p
1
3 − 23 CpΦ(1−Φ)
p−1
1−C(1−Φ)p
(b) 1 0 0 −1 13 −13
(c) −1 0 0 1 13 13
(d) 4 15 0 1 13
1
3
TABLE IV: List of critical points with the potential (86). Here Z is the solution of Z(p − 1) =
ln −2
C[eZ(p−2)−p] .
Then, we could use the same equations in Sec. III. Since α is a function of Φ, we need to
solve the differential equation for Φ. Hence the full equations to be solved are given by
ϕ′ = −ϕ2 − 3ϕ+ 2
2ωBD + 3
(2− α(Φ))ψ + 3
2ωBD + 3
(1− ΩBD) + λϕ, (90)
ψ′ = (α(Φ)ϕ− ϕ+ 2λ)ψ, (91)
Φ′ = ϕΦ. (92)
Relevant variables take the forms
λ =
3
2
+
1
4
[
ωBDϕ
2 − 2ϕ+ 4(2− α(Φ))
2ωBD + 3
ψ +
6
2ωBD + 3
(1− ΩBD)− 2ψ
]
, (93)
ΩBD =
1
6
(ωBDϕ
2 − 6ϕ+ 2ψ), (94)
WBD =
ωBDϕ
2 − 2ϕ+ 4(2−α(Φ))
2ωBD+3
ψ + 6
2ωBD+3
(1− ΩBD)− 2ψ
ωBDϕ2 − 6ϕ+ 2ψ , (95)
W effBD =
ϕ
3
+
ωBDϕ
2 − 4ϕ+ 4(2−α(Φ))
2ωBD+3
ψ + 6
2ωBD+3
(1− ΩBD)− 2ψ
ωBDϕ2 − 6ϕ+ 2ψ . (96)
In order to check that our system is working properly, we first recover Tsujikawa et
al’s result [31] by taking ωBD = 9998.5(Q = 0.01). We have recovered their result of fig.
1 correctly, which is shown in Fig. 6. This figure shows that for 0 < C < 1, the matter-
dominated phase with weff ≃ 0 is followed by the de Sitter phase with weff ≃ −1. In contrast
to this, our equations of states WBD and W
eff
BD show that the BD field evolves from a stiff
matter with WBD(W
eff
BD) = 1 in the far past to de Sitter phase with WBD(W
eff
BD) = −1 in
the far future. We note that the phantom divide appears in the near future. Also, we wish
to point out that the initial condition used in [31] do not provide a proper evolution. This
means that the density parameter ΩBD of BD field becomes negative, showing an unphysical
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case. This explains why equations of sate diverge at some points. However, our modified
initial condition gives a correct evolution for all relevant physical variables. Our initial
condition is chosen by requiring the nonnegative density parameter of ΩBD(xmin) ≥ 0 on
whole evolution. In Figure 6, we have used xmin = 0 and ΩBD(xmin) = 10
−3. We note that
the definition of energy density and pressure for the BD are different from those in [31], but
the definition of density parameter ΩBD is the same. Furthermore, they have analyzed the
evolution only for the positive x ≥ 0 (future direction), as one can see from the Figure 6.
However, the general tendency of its whole evolution is almost the same as in the power-law
potential U = U0Φ
α.
Furthermore, we have to mention that two equations of state WBD and W
eff
BD defined by
Eq.(71) and (73) are slightly different from the notation used in [31]
weff = −1− 2
3
H˙
H2
(97)
which was defined from the total conservation law
ρ˙tot + 3H(ρtot + ptot) = 0→ ρ˙tot + 3Hρtot(1 + weff) = 0, ρtot = ρm + ρ˜BD (98)
with ρ˜BD = ΦρBD. Hence weff represents the equation of state for the whole matters in the
universe.
The asymptotic critical points are listed in Table IV. Actually, tow classes (b) and (c)
are nothing new because these are nearly the same classes in the absence of the potential
(see classes (a) and (c) in Table III). The class (d) is less interesting because it is similar to
class (c) in Table III). We note that all of these belong to unstable critical points. On the
other hand, the class (a) represents the asymptote of f(R) gravity models and its critical
point indicates the par future behavior, showing that WBD(W
eff
BD)→ −1.
In order to have the correspondence between f(R) gravity and the BD theory, we have
to choose the BD parameter to be zero (ωBD = 0). In this case, it is not easy to impose
appropriate initial conditions of Ωm = 0.25 and ΩBD = 0.75 by adjusting two potential
parameters C and p. A time evolution is depicted in Fig. 7. As this figure is shown, there is
a singularity at a past of x = −3.16 which reflects that the mapping is problematic. In this
case, however, the equation of state WBD approaches −1 (de Sitter spacetime) oscillatory as
the universe evolves toward the far future. Also, the effective equation of state W effBD does
show the nearly same behavior toward the far future. This confirm the presence of future
crossing of phantom divide which appeared in the four viable f(R) models [22] clearly.
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FIG. 6: The graphs of Ωm(blue), ΩBD(green), W
eff
BD(magenta), WBD(brown), weff(red: definition
used in Ref.[31]) as a function of x with ωBD = 9998.5. The imposed condition is C = 0.7, Q = 0.01,
p = 0.2, ϕ(0) = 6.47×10−4, ψ = 2.85×10−3(corresponding to ΩBD(0) = 10−3, Φ(0) = 5.0×10−13).
V. DISCUSSIONS
We have employed the BD cosmology to explain the accelerating universe and future
crossing of phantom divide. In this work, we regard the BD field as a perfect fluid model.
First, the role of BD scalar without potential (k-essence with non-canonical kinetic term
only) as a source generating the accelerating universe is very restricted because it could
describe “WBD(W
eff
BD) = −2/3 acceleration” in the presence of the CDM.
Turning on the power-law potential (54), the BD cosmology could describe the accelerat-
ing universe in the interaction with the CDM. In this case, we have used both the equation of
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FIG. 7: A time evolution of BD fluid with potential (86) and ωBD = 0 (f(R)-gravity):
WBD(magenta), W
eff
BD(red), Ωm(blue), ΩBD(green). The initial condition at x = 0 is imposed
as C = 0.82, p = 0.09, ϕ(0) = 2.35, ψ(0) = 9.3 (corresponding to Ω0BD = 0.75), Φ(0) = 0.6.
A singularity appears at x = −3.16 when evolving toward the far past, while there is a damped
oscillatory evolution toward the far future.
stateWBD and effective equation of stateW
eff
BD to check whether the phantom phase appears.
Explicitly, the BD field acts as a radiation field in the far past, whereas it plays a role of
phantom field in the far future. This is compared with the case without the potential where
the BD field acts as a radiation field in the far past, while it plays a role of an accelerating
matter in the far future. This shows that the presence of the potential is crucial for obtaining
a phantom divide in the BD cosmology.
Concerning the BD description of f(R)-gravity, we have chosen the potential in Eq.(86)
22
inspired by Hu-Sawicki and Starobinsky f(R) models. For the case of ωBD = 0, the evolution
of Ωm and ΩBD are similar to the power-law potential (54), but there exists a singularity
at x = −3.16, which restricts evolving toward the far past of x = −∞ after imposing the
initial condition at x = 0. However, we have found that the universe evolves toward the far
future of x =∞ nicely. Both native and effective equations of state converge to −1 (the de
Sitter spacetime of class(a) in Table IV) oscillatory, which indicates that the BD description
is working for showing a future crossing of phantom divide appeared in the viable f(R)
gravity models [22].
Acknowledgments
This work was supported by the National Research Foundation of Korea (NRF) grant
funded by the Korea government(MEST) (No. 2010-0028080).
[1] S. Perlmutter et al. [Supernova Cosmology Project Collaboration], Astrophys. J. 517 (1999)
565 [arXiv:astro-ph/9812133]; A. G. Riess et al. [Supernova Search Team Collaboration], As-
tron. J. 116 (1998) 1009 [arXiv:astro-ph/9805201].
[2] D. N. Spergel et al. [WMAP Collaboration], Astrophys. J. Suppl. 170 (2007) 377
[arXiv:astro-ph/0603449].
[3] M. Tegmark et al. [SDSS Collaboration], Phys. Rev. D 69 (2004) 103501
[arXiv:astro-ph/0310723]; D. J. Eisenstein et al. [SDSS Collaboration], Astrophys. J.
633 (2005) 560 [arXiv:astro-ph/0501171].
[4] B. Jain and A. Taylor, Phys. Rev. Lett. 91 (2003) 141302 [arXiv:astro-ph/0306046].
[5] E. J. Copeland, M. Sami and S. Tsujikawa, Int. J. Mod. Phys. D 15 (2006) 1753
[arXiv:hep-th/0603057].
[6] S. Nojiri and S. D. Odintsov, eConf C0602061 (2006) 06 [Int. J. Geom. Meth. Mod. Phys. 4
(2007) 115] [arXiv:hep-th/0601213].
[7] T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys. 82 (2010) 451 [arXiv:0805.1726 [gr-qc]].
[8] S. Nojiri and S. D. Odintsov, arXiv:1011.0544 [gr-qc].
[9] A. De Felice and S. Tsujikawa, Living Rev. Rel. 13 (2010) 3 [arXiv:1002.4928 [gr-qc]].
23
[10] H. Kim, Phys. Lett. B 606 (2005) 223 [arXiv:astro-ph/0408154].
[11] H. Kim, H. W. Lee and Y. S. Myung, Phys. Lett. B 628 (2005) 11 [arXiv:gr-qc/0507010].
[12] W. Zimdahl and D. Pavon, Phys. Lett. B 521 (2001) 133 [arXiv:astro-ph/0105479].
[13] H. Kim, H. W. Lee and Y. S. Myung, Phys. Lett. B 632 (2006) 605 [arXiv:gr-qc/0509040].
[14] B. Wang, Y. g. Gong and E. Abdalla, Phys. Lett. B 624 (2005) 141 [arXiv:hep-th/0506069].
[15] K. Y. Kim, H. W. Lee and Y. S. Myung, Mod. Phys. Lett. A 22 (2007) 2631 [arXiv:0706.2444
[gr-qc]].
[16] U. Alam, V. Sahni and A. A. Starobinsky, JCAP 0406 (2004) 008 [arXiv:astro-ph/0403687];
U. Alam, V. Sahni and A. A. Starobinsky, JCAP 0702 (2007) 011 [arXiv:astro-ph/0612381];
S. Nesseris and L. Perivolaropoulos, JCAP 0701 (2007) 018 [arXiv:astro-ph/0610092];
P. U. Wu and H. W. Yu, Phys. Lett. B 643 (2006) 315 [arXiv:astro-ph/0611507]; H. K. Jas-
sal, J. S. Bagla and T. Padmanabhan, Mon. Not. Roy. Astron. Soc. 405 (2010) 2639
[arXiv:astro-ph/0601389].
[17] M. C. B. Abdalla, S. Nojiri and S. D. Odintsov, Class. Quant. Grav. 22 (2005) L35
[arXiv:hep-th/0409177].
[18] K. Bamba, C. Q. Geng, S. Nojiri and S. D. Odintsov, Phys. Rev. D 79 (2009) 083014
[arXiv:0810.4296 [hep-th]].
[19] W. Hu and I. Sawicki, Phys. Rev. D 76 (2007) 064004 [arXiv:0705.1158 [astro-ph]]; E. V. Lin-
der, Phys. Rev. D 80 (2009) 123528 [arXiv:0905.2962 [astro-ph.CO]]; K. Bamba, C. Q. Geng
and C. C. Lee, JCAP 1008 (2010) 021 [arXiv:1005.4574 [astro-ph.CO]]; M. Martinelli, A. Mel-
chiorri and L. Amendola, Phys. Rev. D 79 (2009) 123516 [arXiv:0906.2350 [astro-ph.CO]];
H. Motohashi, A. A. Starobinsky and J. Yokoyama, Prog. Theor. Phys. 123 (2010) 887
[arXiv:1002.1141 [astro-ph.CO]].
[20] S. Nojiri and S. D. Odintsov, Phys. Rev. D 78 (2008) 046006 [arXiv:0804.3519 [hep-th]];
K. Bamba, S. Nojiri and S. D. Odintsov, JCAP 0810 (2008) 045 [arXiv:0807.2575 [hep-th]].
[21] S. Nojiri and S. D. Odintsov, arXiv:1008.4275 [hep-th]; E. Elizalde, S. Nojiri, S. D. Odintsov,
L. Sebastiani and S. Zerbini, arXiv:1012.2280 [hep-th].
[22] K. Bamba, C. Q. Geng and C. C. Lee, JCAP 1011 (2010) 001 [arXiv:1007.0482 [astro-ph.CO]].
[23] A. A. Starobinsky, JETP Lett. 86 (2007) 157 [arXiv:0706.2041 [astro-ph]].
[24] S. Capozziello, S. Nojiri, S. D. Odintsov and A. Troisi, Phys. Lett. B 639 (2006) 135
[arXiv:astro-ph/0604431]; S. Nojiri and S. D. Odintsov, Phys. Rev. D 74 (2006) 086005
24
[arXiv:hep-th/0608008].
[25] F. Briscese, E. Elizalde, S. Nojiri and S. D. Odintsov, Phys. Lett. B 646 (2007) 105
[arXiv:hep-th/0612220].
[26] A. V. Frolov, Phys. Rev. Lett. 101 (2008) 061103 [arXiv:0803.2500 [astro-ph]].
[27] L. G. Jaime, L. Patino and M. Salgado, arXiv:1006.5747 [gr-qc].
[28] E. Elizalde, S. Nojiri, S. D. Odintsov, D. Saez-Gomez and V. Faraoni, Phys. Rev. D 77 (2008)
106005 [arXiv:0803.1311 [hep-th]].
[29] M. K. Mak and T. Harko, Europhys. Lett. 60 (2002) 155 [arXiv:gr-qc/0210087]; J. Vinet,
Europhys. Lett. 62 (2003) 904 [arXiv:gr-qc/0304105].
[30] H. Farajollahi and A. Salehi, arXiv:1010.3589 [gr-qc].
[31] S. Tsujikawa, K. Uddin, S. Mizuno, R. Tavakol and J. Yokoyama, Phys. Rev. D 77 (2008)
103009 [arXiv:0803.1106 [astro-ph]].
25
